We use the phase-field method to study the martensitic transformation at the nanoscale. For nanosystems such as nanowires and nanograins embedded in a stiff matrix, the geometric constraints and boundary conditions have an impact on martensite formation, leading to new microstructuressuch as dots aligned on a square lattice with axes along 01 -or preventing martensite formation altogether. We also perform tension tests on the nanowires. The stress-strain curves are very different from bulk results. Moreover, they are weakly affected by microstructures -the mechanical response of nanowires with different microstructures may be similar, while nanowires with the same microstructure may have a different mechanical behavior. We also observe that at the transition temperature, or slightly below it, the narrowest wires behave pseudoelastically whereas wider wires are in the memory-shape regime. Moreover the yield stress does not change monotonically with width: it has a minimum value at intermediate width.
I. INTRODUCTION
Martensitic transformations are displacive (diffusionless) phase transformations from a high temperature high-symmetry austenite phase (usually cubic), to a low temperature low-symmetry phase known as the martensite phase (typically tetragonal, orthorhombic, or trigonal). Thus the transformation is accompanied by strain. Minimization of elastic energy in the martensite phase results in formation of a complex microstructure of the crystallographic variants.
The phase transformation and the complex microstructure are responsible for unusual mechanical properties, which make materials undergoing martensitic transformations useful for many technological applications.
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Martensite can exhibit the shape-memory effect, i.e. the existence of a residual strain upon unloading that can be recovered upon heating. It can also have a pseudoelastic behavior -a macroscopic deformation which is completely recovered when the load is removed. In the shapememory regime, stress-strain curves are characterized by a residual strain when the stress goes down to zero after unloading, whereas with pseudoelasticity there is no residual strain and the system reverts to its initial state.
While martensitic transformations and microstructures in bulk are well understood, the behavior of these transformations at the nanoscale still requires investigation. For thin films, 3, 4, 5, 6 nanowires, 7, 8 and nanocrystals 9,10 the geometric constraints will have an impact on martensite formation. Recently, Frick et al. 11 experimentally studied the stress-strain behavior of nanopillars of nickel titanium shape-memory alloys (SMA), using nanoindentation tests. They found that stress-induced martensitic transformation initiates at relatively low stresses. Wang and Vlassak 10 studied the phase transformation behavior of grains of nickel titanium embedded in an amorphous matrix at different grain sizes. They found that the nature of the phase transformation changes, indicating that geometry and boundary conditions play a key role. Similarly, some applications of martensites make use of a SMA element which is embedded in a matrix of a non-transforming material such as a polymer. 12 Since these nanosystems are embedded in a matrix, there will be geometrical constraints on the phase transformation and microstructures: the martensite variants should arrange so that there is no macroscopic shape change. Geometry will also affect mechanical behavior. This leads us to the particular question of the effect of the size of the nanograins and nanowires -the smallest systems are expected to behave very differently from the bulk. An understanding of the size effects in such systems may provide insights for further research into nanoscale devices that use shape-memory materials.
The effect of clamping 13, 14 and non-transforming layers 15, 16 has been studied theoretically. However, the influence of geometry and size has not been systematically studied. We use the phase-field method to study the effect of size, shape, and transformation strains on the formation, microstructure, and mechanical properties of martensite in the case of nanowires and nanograins embedded in a non-transforming matrix.
II. PHASE-FIELD MODEL
The free energy of our two-dimensional system is based on the usual non-linear elastic free energy density for a square-to-rectangle martensitic transition:
Here T is the temperature, T m is the austenitemartensite transition temperature, e 1 is the hydrostatic strain, e 2 is the deviatoric strain, and e 3 is the shear strain:
The {ε ij } are the linearized strain tensor components.
In the case of a square lattice, ε xx = ε yy so that e 2 = 0. This corresponds to austenite. In the case of martensite, ε xx = ε yy and e 2 = 0. The deviatoric strain e 2 is thus used to track austenite and martensite. To lowest order in e 2 , the energy is quadratic with an extremum at e 2 = 0. For temperatures above T m , the first term in Eq. (1) is positive, so that e 2 = 0 is a minimum, i.e. austenite is (meta)stable. On the other hand, if T < T m the first term in Eq. (1) is negative and e 2 = 0 is a maximum: austenite is unstable.
The evolution of the displacements is described by where ρ is a density, v is the time derivative of the displacements u, and the stresses are given by In each two-dimensional simulation, austenite is quenched to T = 250 K < T m and the system is allowed to transform and equilibrate. The stiff matrix in which the nanosystem is embedded is simulated by fixing the displacements to zero at the boundary (for nanowires there are periodic boundaries along the axis of the wire).
III. MICROSTRUCTURES
A. Nanowires -microstructure Figures 1 and 2 show the microstructure of nanowires (for low and high values of x 12 respectively). The wires are 2 µm long; figures show only one half of the wire, for clarity. Here and in all other figures, austenite is shown in green and the two martensite variants are in red and blue, respectively. The widest wires show twins similar to what is observed in bulk martensite, Fig. 1(a) . One can see that the twins do not extend unhindered to the interface. As long as this zone that differs from the bulk is quite thinner than the wire the microstructure is that of the bulk. But in the case of narrower wires, finite size effects dominate. For very narrow wires, the martensitic transformation is completely suppressed, Fig. 1(f) . For intermediate widths, e.g. Fig. 1(d) , the system exhibits a microstructure that is not observed in bulk systems: 22, 23 dots aligned on a square lattice with axes along 01 . For these widths, the transformation is not completely suppressed and thus we observe retained austenite along with the two martensite variants, especially in Fig. 1(e) . In some materials systems, there is a significant volume change associated with the transformation (the volume of the martensite unit cell is different from that of austenite), so that the phase transformation generates hydrostatic stress, thus affecting the microstructure.
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Figures 2(a) and 2(c) show that in the presence of a volume change, microstructures change somewhat: dots may become triangular and/or elongated and twins are no longer parallel.
There is also a range of widths (especially at large x 12 ) exhibiting a mixture of twins and dots, Fig. 1 
(c). For intermediate widths, we see clustered variants, Figs. 2(b) and 2(d).
For w = 71 nm, the system exhibits dots, but these do not reach the usual strain associated with martensite and there are only two of them across the wire rather than three, as shown in Fig. 1(e) . We obtain a 'microstructure diagram' -akin to a phase diagramshowing the microstructure (austenite, twins, dots) as a function of the width of the wire and of volume change, Fig. 3 (a). There are five possible microstructures for decreasing sizes: twins, twin plus dots, dots, clustered variants, and austenite. The volume change x 12 plays a minor role in determining microstructures.
B. Nano grains
Similar work is carried out for nanoscale grains embedded in a non-transforming matrix. We study their microstructure as a function of shape, size and orientation, as well as volume change. We consider the cases of circular grains and of square grains (with sides oriented either along the 01 direction of the matrix or along the 11 direction). grains are to small to have several domains (they are small along both directions, whereas nanowires are nano only along one direction). This dependence on x 12 is even stronger in the case of a square grain with faces along 11 , Fig For circular grains, Fig. 3(d) , the dependence on x 12 is even stronger, with no dots for x 12 < 7. As in other cases, the martensite-austenite transition depends weakly on the volume change x 12 .
IV. MECHANICAL TESTING
In the previous section we have shown that nanowires and nanograins exhibit microstructures that are not found in the bulk. An obvious question is whether this will affect the mechanical properties of nanoscale systems. In this section and the next, we will perform tension tests on nanowires to determine how the mechanical response of nanowires differs from that of the bulk.
A wire of length 2 µm is annealed until the microstructure no longer evolves. It is then loaded at a constant strain rate along its axis (in tension) from time 0 to time 70 (arbitrary units), then unloaded. At every point the strain ε xx is given by
In this section, the strain rate will be 0.05% per time unit and there will be no volume change (x 12 = 0). In the next section, these two parameters will be varied to study their impact on microstructures and mechanical properties. Except in Sec. IV D the temperature will be T = 250 K (which is lower that the transition temperature, T m = 265 K). A. Difference between nanowire and bulk
In the simulations, the nanowire is embedded in a stiff matrix so that ε yy = 0. Consequently, e 1 = e 2 = ε xx / √ 2. Assuming that e 3 is negligible and using that x 12 = 0, the energy becomes
Since σ xx = dg/dε xx , we have
(5) We also performed a bulk simulation (with periodic boundary conditions) of the loading process, starting from a twinned martensitic state. Figure 6 shows that the stress-strain curve for the bulk system is very close to the analytical result of Eq.(5). The bulk system eventually reaches a single variant; on unloading it follows the same stress-strain curve, so that there is no residual strain. Figure 6 shows that the stress-strain curve for a relatively wide wire is very different from both the analytical solution and the bulk simulation. Notice that there is a plateau in the stress-strain curve. The microstructural evolution of this nanowire is shown in Fig. 7 . There exist two martensite variants, with positive and negative values of e 2 (corresponding to rectangular unit cells elongated along the x-axis and the y-axis respectively). When ε xx increases due to the loading, e 2 = (ε xx −ε yy )/ √ 2 also increases. The variant corresponding to e 2 > 0 (in red in Fig. 7) is thus more and more energetically favored while the variant with e 2 < 0 (blue) becomes higher and higher in energy. The former thus grows and the latter shrinks, so that eventually a single variant remains.
In the linear part of the stress-strain curve for this nanowire, there is no change of microstructure: compare Figs. 7(a) and 7(b); this part corresponds to the elastic response of the martensite. The plateau corresponds to the growth of the favored variant (red) over the unfavored one (blue) at constant twin number, from Fig. 7(b) to Fig. 7(c) . Then some of the unfavored twins start disappearing and the system loses its periodicity, Figs. 7(d-f) , which results in oscillations in the stressstrain curve. Figure 7 (f) corresponds to the point when the unfavored variant is about to disappear completely. After that, the stress-strain curve merely shows the elastic response of a single martensite variant. B. Effect of nanowire width Figure 6 shows that the behavior of a nanowire (even a rather wide one) is different from the bulk. One can expect that narrower nanowires will be even more different. Figure 8 shows stress-strain curves for several nanowire widths. 24 Notice that as the width is decreased, the martensite yield stress decreases, i.e. it becomes easier to move the twin boundaries. It is instructive to compare this behavior to the temperature dependence of the stress-strain curves shown in Fig. 9 : the effect of decreasing the width shows similarities with a decrease of temperature. On the other hand, Fig. 8 shows that the residual strain is very weakly dependent on the width. We should also point out that the stress-strain curves with negative stresses we observe are a consequence of the strain loading. In strain loading, we can place the system in mechanically unstable regions of the stressstrain curves. One can suspect that these differences in the mechanical behavior spring from microstructural differences (we did observe in the previous section that the microstructure was strongly affected by the width of the nanowire). Figure 10 shows the microstructure evolution for a narrow wire (w = 50 nm). In Fig. 10 (and in other figures, unless otherwise specified) only half of the length of the nanowire is shown; austenite is in green and the two variants of martensite are in red and blue. Since such a wire does not form martensite in the absence of strain [see Fig. 3(a) ], at the beginning of the tension test the wire is completely austenitic. The system is more or less uniform throughout the transformation -no twins or dots form. The contrast observed in Fig. 10(a) is rather weak (compare to Fig. 7 ) and is closer to the growth of an instability than to the nucleation of martensite. Figure 11 shows the time evolution of the microstructure of a wire of width w = 66 nm, i.e. one of the widest wires that is austenitic at equilibrium. Figures 11(a) and 11(b) show that martensite appears in the form of dots of the favored variant (shown in red in Fig. 11 ). Note that this is different from the microstructure of Fig. 1(d) , as it is made of one martensite variant and austenite, rather than of the two martensite variants. The austenite then disappears completely and the system in completely martensitic, Fig. 11(c) . Figure 12 shows the microstructure evolution of a wire (of width w = 80 nm) that is made of martensite dots at equilibrium, Fig. 12(a) . Figure 12(b) shows that upon loading the dots of the favorable variant (in red) expand while the dots of the other variant (blue) shrink or transform to austenite. Finally a single variant remains, similar to Fig. 11(c) . (Wires of all widths up to about 250 nm have the same microstructure at t = 35, i.e. ε = 1.75%, as that shown in Fig. 11(c) ). Figure 13 shows the microstructure evolution of a wire of width w = 90 nm; this is the narrowest wire exhibiting twins at equilibrium. As expected the twins corresponding to the favored variant grow and the unfavorable variant shrinks. Figure 13 (b) also shows a change in microstructure in some parts of the wire: some of the twins turn into square dots with faces along 11 .
Even though the microstructure evolution is quite different between w = 50 nm (initially austenitic, no pattern formation - Fig. 10 ), w = 66 nm (initially austenitic, forms dots upon loading - Fig. 11 ), w = 80 nm (initially made of martensite dots, Fig. 12 ), and w = 90 nm (initially twinned, Fig. 13 ), Fig. 8 shows that there is barely any difference in the mechanical response. The mechanical behavior of these narrow wires is not directly influenced by whether there is martensite initially or the way martensite forms, i.e. the mechanical properties of these narrow wires are independent of the microstructure. (Note that the stress always increases initially, before decreasing; even though this linear increase may be small it always exists.)
C. Unloading
So far we focused on the loading of the nanowires. There is a microstructure difference upon unloading too: when the strain is back to zero (at t = 140), the wires of widths w = 50 nm and 66 nm are austenitic, Figs. 10(c) and 11(d), while wider wires exhibits martensite dots, Fig. 12(c), or twins, Fig. 7(g) . Wires of width w = 90 nm exhibit a microstructure after unloading that is different from the initial configuration, compare Fig. 13(d) to Fig. 13(a) .
The stress-strain curves for loading and unloading are almost identical for narrow wires; the difference between them increases as the nanowire width increases, as seen in Fig. 14. An important consequence of this hysteresis is that even when the stress never becomes negative on loading there can be a residual strain when one unloads. Yet, one expects that wide enough wires should behave like the bulk, i.e. pseudoelastically. There must therefore be a transition from shape-memory to pseudoelastic at some sufficient width. (Since we did not observe it, we can assume that the necessary width is too great to be computationally tractable.)
The sharp increase of stress visible in Fig. 14 during the unloading of the wire of width w = 200 nm occurs between t ≈ 113.2 [ε = 1.34%, Fig. 15(b) ] and t ≈ 113.6 [ε = 1.32%, Fig. 15(c) ]. It coincides with the nucleation and growth of the other variant (in blue): this variant is visible in Figs. 15(b) and 15(c) but absent from Fig. 15(a) . Figure 16 shows, as a function of the width w, the value of the yield stress (i.e. the maximum value of the stress after the initial linear part in Fig. 8 ). One can see in Fig. 16 that the maximum value reached by the stress upon loading increases with the wire width (closed symbols). There are several regimes: for widths lower than about 200 nm, σ yield has a power law dependence on w with a power of 1.25, whereas the power is 2 for wider wires. For very narrow wires, however, the yield stress gets larger. Figure 17 shows stress-strain curves for T = 265 K (i.e. the transition temperature). At this temperature, curves are shifted toward lower stresses for increasing thickness until about 100 nm. For wider wires the stress increases with thickness. Very narrow wires (w < 30 nm) behave pseudoelastically, whereas wider nanowires are in The minimum value of the stress σxx in the stressstrain curve of Fig. 8 as a function of the width w of the nanowire. Crosses are the strains at which the stress is minimum and empty triangles correspond to σmin for a faster loading ofε = 0.5% per unit time.
D. Martensite yield stress
the shape-memory regime. (At T = 250 K, all nanowires are in the shape-memory regime.) Figure 16 shows the yield stress as a function of the nanowire width. For T = 265 K (open symbols), the yield stress decreases then increases with nanowire width, with a minimum around w = 100 nm. Wires narrower than about 18 nm do not exhibit a yield stress: the stress increases monotonically with the strain, see for instance w = 10 nm in Fig. 17 . The yield stress obeys a power law of exponent −1.5 for narrow wires (w ≤ 50 nm) and another power law for wide wires (if w ≥ 200 nm, the exponent is 1.8). For higher temperatures, such as T = 260 K and T = 263 K, there are also two regimes, but the minimum is reached at lower and lower width as the temperature decreases. On the other hand, for the wider wires the yield stress is essentially the same at all five temperatures.
E. Going to a single variant Figure 8 shows that the minimum value reached by the stress σ xx upon loading and the strain at which this minimum is reached vary little for narrow wires but increase for wider wires. Figure 18 shows these as a function of the nanowire width w. There are three regimes for the stress: for narrow wires (w ≤ 50 nm) σ min ≈ 439.2 exp(−w/13.4) − 367.5; for wires wider than 300 nm, σ min increases with the width linearly (σ min ≈ 0.45 w−405); the smallest value of σ min is obtained in the transition regime in-between, for nanowires 130 nm wide. (The linear fit of Fig. 18 is based on data for nanowire widths up to w = 2000 nm.)
The strain at which the stress is minimum (shown as crosses in Fig. 18 ) also exhibits several regimes: for nanowires narrower than about 130 nm, this strain does not depend on width and it increases with w for wider wires (above 300 nm, the dependence on width is weaker than between 130 nm and 300 nm). Figure 19 shows that a nanowire of width w = 130 nm exhibits clear twins of the unfavored variant (blue), whereas a nanowire of width w = 90 nm does not, Fig. 13(c) . The change of regime around w = 130 nm seems to come from these unfavorable twins, which require higher and higher strains to disappear when the thickness of the wire increases.
V. EFFECTS OF VOLUME CHANGE AND STRAIN RATE
All tension tests presented in the previous section were carried for a system that does not have a volume change, i.e. x 12 = 0 in Eq. (1), and for a strain rate of 0.05% per time unit. In the present section, we will study the consequences for microstructures and mechanical properties of nanowires of varying these parameters. All simulations are at T = 250 K.
A. Volume change
The presence of a volume change (we will focus on the case of x 12 = 10) has little effect on the microstructure of narrow nanowires (w = 50 nm), compare Figs. 20 and 10(a). For nanowires of width w = 66 nm, the volume change noticeably affects the microstructure: while the system forms martensite dots for x 12 = 0, Fig. 11 (in red) grows at the expense of the other variant (in blue), for x 12 = 10 the unfavorable variant disappears almost completely but the favorable one shrinks too, this is especially noticeable in Fig. 22(b) . In other words the system evolves from both martensite variants to a single variant by first turning into a mixture of austenite and (the favored variant of) martensite. For even wider wires (w = 200 nm), the microstructure evolution is similar to what is observed for x 12 = 0: compare Figs. 24 and 15. Figure 25 shows stress-strain curves with and without volume change. When x 12 = 10, the minimum stress is lower in magnitude and reached at a higher value of the strain. One can note that for w = 200 nm there is no sudden increase of stress upon unloading. Figure 26 shows that the stress-strain curves are affected by the strain rate. Higher strain rates shift the curve towards higher stress for loading and lower stress for unloading; consequently, the hysteresis increases with the strain rate. Since faster loading does not give twin boundaries time to move part of the strain is accommodated elastically rather than through phase transformation, which raises the stress. This effect is greater for wider wires. Figure 27 shows that for faster loading the value of σ yield increases for all widths, but this effect is more noticeable for wider wires. On the other hand, in Fig. 18 σ min does not depend on the strain rate for narrow wires (up to about w = 70 nm).
B. Strain rate
Figure 27 also shows that for lower strain rates (0.005% per time unit) σ yield does not depend on the width of the nanowire (full squares in the figure). Table I the strain rate.
VI. CONCLUSION
We used the phase-field method to study the martensitic transformation in constrained systems at the nanoscale. For nanosystems such as nanowires and nanograins, the geometric constraints can lead to new microstructures or prevent martensite formation altogether. For all geometries, we observed a new microstructuremade of dots aligned on a square lattice with axes along 01 -at intermediate size. In the case of a square grain with faces along 11 , we also observed an asymmetric microstructure, which is not found in other geometries.
We also performed uniaxial tension tests on the nanowires. The stress-strain curves are very different from bulk results and a size dependence of mechanical properties is observed. Interestingly, the martensite yield stress shows non-monotonic behavior with respect to the nanowire width: as the width is decreased, the yield stress decreases until a critical thickness below which it starts to increase again. At T = 265 K, the wider wires exhibit a residual strain and are in the shape-memory regime whereas the narrower wires show pseudoelastic behavior. In contrast, at T = 250 K a residual strain is observed for all widths. Another interesting result is that the stress-strain curves are not affected by microstructures -the mechanical response of systems with different microstructures may be similar, while systems with the same microstructure may have a different mechanical behavior. Finally, we also noticed that strain rate and volume change associated with the martensitic transformation have an impact of the mechanical response and on microstructures.
